EXTENSIONS OF PICARD 2-STACKS AND 
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Abstract. The aim of this paper is to define and study the 3-category of extensions of 
Picard 2-stacks over a site S and to furnish a geometrical description of the cohomology 
groups Ext 1 of length 3 complexes of abelian sheaves. More precisely, our main Theorem 
furnishes 

(1) a parametrization of the equivalence classes of objects, 1-arrows, 2-arrows, and 3- 
arrows of the 3-category of extensions of Picard 2-stacks by the cohomology groups 
Ext 1 , and 

(2) a geometrical description of the cohomology groups Ext 1 of length 3 complexes of 
abelian sheaves via extensions of Picard 2-stacks. 

To this end, we use the triequivalence between the 3-category 2Ttcard(S) of Picard 2-stacks 
and the tricategory T' _2 '°'(S) of length 3 complexes of abelian sheaves over S introduced by 
the second author in [ll| , and we define the notion of extension in this tricategory 
getting a pure algebraic analogue of the 3-category of extensions of Picard 2-stacks. The 
calculus of fractions that we use to define extensions in the tricategory T' -2,0 '(S) plays a 
central role in the proof of our Main Theorem. 
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Introduction 

Let S be a site. A Picard S-2-stack P is an S-2-stack in 2-groupoids equipped with a mor- 
phism of 2-stacks (8> : P x P — > P expressing the group law and two natural 2-transformations 
a and c expressing the associativity and commutativity constraints for the group law <g>, such 
that for any object U of S, ¥(U) is a Picard 2-category (i.e. it is possible to make the sum 
of two objects of P(C7) and this sum is associative and commutative). Picard 2-stacks form 
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a 3-category 2J'icard(S) whose hom-2-groupoid consists of additive 2-functors, morphisms 
of additive 2-functors and modifications of morphisms of additive 2-functors. 

As Picard S-stacks are the categorical analogues of length 2 complexes of abelian sheaves 
over S, the concept of Picard S-2-stacks is the categorical analogue of length 3 complexes 



of abelian sheaves over S. In fact in [12]], the second author proves the existence of an 
equivalence of categories 

2st bb : a)[- 2 >°l(S) ^2TiCARD bb (S), 

between the full subcategory D^ 2,0 1(S) of the derived category 2)(S) of complexes of abelian 
sheaves over S such that H~ l (A) ^ for i = 0,1,2, and the category of Picard 2-stacks 
2J , ICARD W, (S) obtained form the 3-category 2Ticard(S) by taking as objects the Picard 2- 
stacks and as arrows the equivalence classes of additive 2-functors, i.e. the 2-isomorphism 
classes (up to modifications) of additive 2-functors (remark that morphisms of additive 2- 
functors are not strictly invertible, but just invertible up to modifications). We denote by 
[ ] bb the inverse equivalence of 2st bl \ This equivalence of categories 2st bb generalizes to Picard 
2-stacks Deligne's result for Picard stacks [8|, Proposition 1.4.15]. 

In this paper we define and study extensions of Picard 2-stacks. If A and B are two Picard 
2-stacks over S, an extension of A by B consists of a Picard 2-stack E, two additive 2-functors 
/ : B — > E and J : E — > A, a morphism of additive 2-functors Jo I 0, such that the following 
equivalent conditions are satisfied: 

• tto(J) '■ ttoOE) — t-7To(A) is surjective and / induces an equivalence of Picard 2-stacks 
between B and Ker(J); 

• 7T2(I) : 7T2(B) — > 7T2(E) is injective and J induces an equivalence of Picard 2-stacks 
between Coker(J) and A. 

The extensions of A by B form a 3-category £xt(A,B) where the objects are extensions of A 
by B, the 1-arrows are morphisms of extensions, the 2-arrows are 2-morphisms of extensions 
and the 3-arrows are 3- morphisms of extensions (see Definitions 13-H 13.21 13. 4( 13. 5p . 

Although regular morphisms of length 3 complexes of abelian sheaves induce additive 
2-functors between Picard 2-stacks, not all of them are obtained in this way. In order to 
resolve this problem, in [l2| the second author introduces the tricategory T[ _2 '°](S) of length 
3 complexes of abelian sheaves over S, in which arrows between length 3 complexes are 
fractions, and he showes that there is a triequivalence 

2st: T[- 2 >°](S) ^2?icard(S), 

between the tricategory T[~ 2, °1(S) and the 3-category 2yiCARD(S) of Picard 2-stacks. In 
this paper, we define also the notion of extension of length 3 complexes in the tricategory 
•j[-2,o] ^g-j. jf an( j g £ WQ } en gth 3 complexes of abelian sheaves over the site S, an 
extension of A by B consists of a length 3 complex of abelian sheaves E, two fractions i = 
(qi,M,pi) : B — > E and j = (qj,N,pj) : E — > A, a 1-arrow of fractions R = (r, R, r') : j <>£=>• 0, 
such that the following equivalent conditions are satisfied: 

• E°(pj) o (H°((7j)) _1 : H°(E) — >Ji°(A) is surjective and i induces a quasi-isomorphism 
between B and T<o(MC(pj)[— 1]); 

• H _2 (j)j)o(H~ 2 ((7j))~ 1 : H~ 2 (B) — > H~ 2 (E) is injective and j induces a quasi-isomorphism 
between r>_2(MC(pi)) and A, 

where o represents the fraction composition. 

The extensions of A by B in T[~ 2 '°](S) form a tricategory £,xt(A, B) where the objects 
are extensions of A by B, the 1-arrows are morphisms of extensions, the 2-arrows are 2- 
morphisms of extensions and the 3-arrows are 3-morphisms of extensions (see Definitions 
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I4.1| 14,21 14-31 14.4p . The tricategory £xt(A,B) is the pure algebraic analogue of the 3-category 
£xt(A, B) of extensions of Picard 2-stacks. 

We introduce the notions of product, fibered product, called also pull-back, and fibered 
sum, called also push-down, of Picard 2-stacks (resp. of length 3 complexes). Remark 
that when we define the fibered product (resp. the fibered sum) of length 3 complexes we 
are actually computing certain homotopy limits (resp. colimits) of complexes by using the 
equivalence between such complexes and Picard 2-stacks. 

We define the following groups: 

• Sxt^A,!) is the group of equivalence classes of objects of £xt(A, B); 

• £xt (A, B) is the group of 2-isomorphism classes of morphisms of extensions from an 
extension E of A by B to itself; 

• £xt _1 (A,B) is the group of 3-isomorphism classes of 2-automorphisms of morphisms 
of extensions from E to itself; and finally 

• £xt _2 (A,B) is the group of 3-automorphisms of 2-automorphisms of morphisms of 
extensions from E to itself. 

The group structure on the £xt*(A,B) for i = 1,0, —1, —2 is defined in the following way: 
Using pull-backs and push-downs of Picard 2-stacks, we introduce the notion of sum of two 
extensions of A by B which furnishes the abelian group structure on £xt 1 (A,B). The2-stack 
Hom£ xt (E,E) of morphisms of extensions from an extension E of A by B to itself is endowed 
with a Picard structure and so its homotopy groups 7Tj(IHIom£ x t(E, E)) for i = 0,1,2 are 
abelian groups. Since by definition 

£xt _i (A,B) = 7Ti(IHIom £xt (E,E)) 

we have that the £xt*(A,B) for i = 0, —1, —2 are abelian groups. 

We can finally state our main Theorem which can be read from left to right and from right 
to left furnishing respectively 

(1) a parametrization of the elements of £xt l (A, B) by the cohomology groups Ext* ([A] , [B] 
and so in particular a parametrization of the equivalence classes of extensions of A 
by B by the cohomology group Ext x ([A] b \ [B] bb ); 

(2) a geometrical description of the cohomology groups Ext* of length 3 complexes of 
abelian sheaves via extensions of Picard 2-stacks. 

Theorem 0.1. Let A and B be two Picard 2-stacks. Then for i = 1,0, —1, —2, we have the 
following isomorphisms of groups 

£xt*(A,B) Ext*([A] bb , [B] bb ) = Hom D(s) ([A] bb , [B] bb [i]). 

The use of the tricategory T[~ 2, °1(S), and in particular the use of fractions as arrows 
between length 3 complexes instead of regular morphisms of complexes, play a central role 
in the proof of this main Theorem. 

Picard 3-stacks are not defined yet. Assuming their existence, the group law that we define 
for equivalence classes of extensions of Picard 2-stacks should furnish a structure of Picard 
3-stack on the 3-category £xt(A,B). In this setting our main Theorem 10.11 says that the 
Picard 3-stack £xt(A,B) is equivalent to the Picard 3-stack associated to the object 

r< RHom([A] bb ,[B] bb [l]), 

of I)[~ 3 ' ](S) via the generalization of the equivalence 2st bb to Picard 3-stacks and length 4 
complexes of abelian sheaves. More generally, we expect that extensions of Picard n-stacks 
of A by B build a Picard (n + l)-stack which should be equivalent to the Picard (n + l)-stack 
associated to the object r< RHom([A], [B][l]) of dH"+i)>o] ( S ) 

via the generalization of the 
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equivalence 2st to Picard (n + l)-stacks and length n + 2 complexes of abelian sheaves. 
Moreover, always in the setting of Picard 3-stacks, in order to define the groups £xt*(A,B) 
we could use the homotopy groups 7Tj for 2 = 0,1,2,3 of the Picard 3-stack £xt(A, B). In fact 
we have 

£xt*(A,B) = 7r_ i+ i(£xt(A,B)) f or i = 1,0,-1,-2. 

Another consequence of the group law defined on £xt 1 (A,B) is that for three Picard 2- 
stacks 0,A and B, we have the equivalences of 3-categories £xt(0 x A,B) = £xt(0,B) x 
£xt(A,B) and £xt(0,A x B) =" £xt(0,A) x £xt(0,B), which imply the following decompo- 
sition for the cohomological groups Ext 2 for i = 1,0, —1, —2: 

Ext i ([0] bb x [A] bb , [B] bb ) = Ext\pf\ [B] bb ) x Ext*([A] bb , [B] bb ), 

Ext^fO]^, [A] bb x [B] bb ) ExtX[0] bb , [A] bb ) x Ext'QO]^, [B] bb ). 

All the definitions we have introduced in this paper for Picard 2-stacks and for length 3 
complexes of abelian sheaves generalize the classical definitions for abelian groups and abelian 
sheaves respectively: for example, our definition of pull-back of length 3 complexes reduces 
to the classical notion of pull-back of abelian sheaves if we consider the special case of length 
3 complexes concentrated only in degree (i.e. A~ 2 = A^ 1 = and A ^ 0). 

We study also the relations between the homotopy groups iti of the Picard 2-stacks A, B 
and the homotopy groups 7Tj of the extensions of A by B. We get a long exact sequence 
of abelian sheaves (jA.ip which we see as a confirmation that our definition of extension of 
Picard 2-stacks works. 

We hope that this work will shed some light on the notions of "pull-back", "push-down" 
and "extension" for higher categories with group-like operation. In particular we pay a lot 
of attention to write down the proofs in such a way that they can be easily generalized to 
Picard n-stacks and length n+1 complexes of abelian sheaves. 

The most relevant ancestors of this paper are 0] where the first author studies the homo- 
logical interpretation of extensions of Picard stacks (i.e. she proves Theorem 10.11 for Picard 
stacks), and [5[ where D. Bourn and E. M. Vitale study extensions of symmetric categorical 
groups, together with their pull-back, push-down and sum. 

The study of extensions of Picard n-stacks has important applications in the theory of 
motives: for example, in |4j the first author uses extensions of Picard stacks in order to 
prove Deligne's conjecture on extensions of 1-motives (recall that a 1-motive can be seen as 
a complex of abelian sheaves of length 2). 

This paper is organized as follows: In Section 1, we recall some basic definitions and 
results on the 3-category 23 5 icard(S) of Picard 2-stacks. In Section 2, we introduce the 
notions of product, pull-back and push-down for Picard 2-stacks and for length 3 complexes 
of abelian sheaves in the tricategory T[~ 2,0 1(S). In Section 3, we define extensions of Picard 

2- stacks, morphisms, 2-morphisms and 3-morphisms of extensions of Picard 2-stacks, getting 
the 3-category £xt 2 y IC ARD(S) °f extensions of Picard 2-stacks. In Section 4, we introduce 
extensions of length 3 complexes in the tricategory T[ _2 '°](S), morphisms, 2-morphisms and 

3- morphisms of such extensions in T^ -2 ' ! (S), getting the tricategory £xt 7 [-2,o] rg\ of extensions 
of length 3 complexes in T^ 2,0 ! (S). Section 4 is the algebraic counter part of Section 3: in 
fact, the triequivalence 2st between the tricategory T[~ 2 '°](S) and the 3-category 2CPicard(S) 
induces a triequivalence between £xt -[-2,o](g) and £xt 2 yicARD(s) • Using the results of Section 
2, in Section 5 we introduce the notions of pull-back and push-down of extensions of Picard 
2-stacks which allow us to define an abelian group law on the set £xt 1 (A,B) of equivalence 
classes of extensions of Picard 2-stacks. This group law is a categorification of the abelian 
group law on the set of equivalence classes of extensions of abelian groups, known as the Baer 
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sum. In Section 6, we finally prove our main Theorem. In Appendix A we get a long exact 
sequence involving the homotopy groups 7Tj of an extension of Picard 2-stacks. In Appendix 
B we sketch the proof of the fact that the fibered sum of Picard 2-stacks satisfies the universal 
property. 
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Notation 

A strict 2-category (just called 2-category) A = (A, C(a, b), K a ^ c , U a ) a ,b,ceA is given by 
the following data: a set A of objects a, b, c, ...; for each ordered pair (a, b) of objects of 
A, a category C(a,b); for each ordered triple (a, b, c) of objects A, a composition functor 
K a ,b,c '■ C(b,c) x C(a,b) — >C(a,c), that satisfies the associativity law; for each object a, a 
unit functor U a : 1 — > C(a, a) where 1 is the terminal category, that provides a left and right 
identity for the composition functor. 

This set of axioms for a 2-category is exactly like the set of axioms for a category in which 
the collection of arrows Hom(a, b) have been replaced by the categories C(a,b). We call the 
categories C(a,b) (with a,b € A) the horn- categories of the 2-category A: the objects of 
C(a,b) are the 1-arrows of A and the arrows of C(a,b) are the 2-arrows of A. A 2-groupoid 
is a 2-category whose 1-arrows are invertible up to a 2-arrow and whose 2-arrows are strictly 
invertible. 

A bicategory is weakened version of a 2-category in the following sense: instead of requiring 
that the associativity and unit laws for arrows hold as equations, one requires merely that 
they hold up to isomorphisms (see [1]). A bigroupoid is a bicategory whose 1-arrows are 
invertible up to a 2-arrow and whose 2-arrows are strictly invertible. The difference between 
2-groupoid and bigroupoid is just the underlying 2-categorical structure: one is strict and 
the other is weak. 

For more details about 2-categories and for other 2-categorical structures such as 2- functors 
and natural transformations of 2- functors, we refer to [111 . Chapter 1]. 

A strict 3-category (just called 3-category) A = (A, C(a,6), K a ^ c ,U a )a,b,c^A is given by 
the following data: a set A of objects a,b,c, ...; for each ordered pair (a, 6) of objects of A, 
a 2-category C(a,b); for each ordered triple (a,b,c) of objects A, a composition 2-functor 
K a ,b,c '■ C(6, c) x C(a, b) — > C(a,c), that satisfies the associativity law; for each object a, a 
unit 2-functor U a : 1 — > C(a, a) where 1 is the terminal 2-category, that provides a left and 
right identity for the composition 2-functor. 

This set of axioms for a 3-category is exactly like the set of axioms for a category in 
which the arrow-sets Hom(a, b) have been replaced by the 2-categories C(a,b). We call the 
2-categories C(a,b) (with a, b € A) the hom- 2- categories of the 3-category A: the objects of 
C(a, b) are the 1-arrows of A, the 1-arrows of C(a, b) are the 2-arrows of A, and the 2-arrows 
of C(a, b) are the 3-arrows of A. 

A tricateqor y is weakened version of a 3-category in the sense of [l(J . We also use trifunctor 
in the sense of [lOf j . A triequivalence of tricategories T : A — >A' is a trifunctor which induces 
biequivalences T a ^ : A(a, b) — > A'(T(a), T{b)) between the hom-bicategories for all objects 
a, b € A and such that every object in A' is biequivalent in A' to an object of the form T{a) 
where a is an object in A. 
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Let S be a site. For the notions of S-pre-stacks, S-stacks and morphisms of S-stacks 
we refer to Chapter II 1.2. of [9|. An S-2-stack in 2-groupoids P is a fibered 2-category 
in 2-groupoids over S such that for every pair of objects X,Y of the 2-category P(f7), the 
fibered category of morphisms Arrp^^X, Y) of P(U) is an S/C-stack (called the S/C/-stack 
of morphisms), and 2-descent is effective for objects in P. See 0§L3] and [7§6] for more 
details. 

Denote by JC(S) the category of complexes of abelian sheaves on the site S: all complexes 
that we consider in this paper are cochain complexes. Let !K^~ 2 ' 1(S) be the subcategory of 
3C(S) consisting of complexes K = (K 1 )^ such that K l = for i ^ —2, —1 or 0. The good 
truncation r< n K of a complex K of 3C(S) is the complex: (r< n K ) l = K l for i < n, (r< n K )" = 
ker(cP) and (r< n if )* = for i > n. The bad truncation o~< n K of a complex K of %(S) is 
the complex: (o< n K) 1 = K % for i < n and (o~< n K) 1 = for i > n. For any i 6 Z, the 
shift functor [t] :~3C(S) -> 3C(S) acts on a complex if = {K n ) n& as (if [i]) n = if i+n and 

a K[i] ~ V ^ a K • 

Denote by D(S) the derived category of the category of abelian sheaves on S, and let 
2)[~ 2 '°](S) be the full subcategory of D(S) consisting of complexes K such that W(K) = 
for i ^ —2, —1 or 0. If K and L are complexes of 2)(S), the group Ext 1 (if , L) is by definition 
Homes') (if , L[i]) for any i € Z. Let RHom(— ,— ) be the derived functor of the bifunctor 
Hom(— ,— ). The cohomology groups H* (RHom(if , L)) of RHom(if, L) are isomorphic to 
Homj)(s)(if, L[i\). 

Let C^ 2 '°J(S) be the 3-category whose objects are length 3 complexes of abelian sheaves 
over S placed in degree -2,-1,0, and whose hom-2-groupoid Hom e [_ 2 ,o]( S )(if, L) is the 2- 
groupoid associated to r<o(Hom(if, L)) (see §3.1 [12( for an explicit description of this 3- 
category) . 

Denote by T[~ 2, °1(S) the tricategory whose objects are length 3 complexes of abelian 
sheaves over S placed in degree -2,-1,0, and whose hom-bigroupoid Homj[-2,o] (a\ (K , L) is 
the bigroupoid FRAC(if , L) defined as follows: 

• an object of FRAC(if, L) is a triple (q,M,p) : K <— M A- L, called fraction, where 
M is a complex of abelian sheaves, p is a morphism of complexes and q is a quasi- 
isomorphism; 

• a 1-arrow between fractions (q±,Mi,pi) => (q2, M2,P2), called 1-arrow of fractions, is 
a triple (r, N, s) with N a complex of abelian sheaves and r : N — > M2, s : N — > Mi 
quasi-isomorphisms such that q\os = q = q2or and p\ o s = p = P2 o r; 

• a 2-arrow between 1-arrows of fractions (?r, A r i, si) ^(j2, N2, S2), called 2-arrow of 
fractions, is an isomorphism of complexes of abelian sheaves t : JVi — > iV"2 such that 
the diamond diagram (see [HI, (4.2)]) commutes. 

If (q\,M\,pi) is a fraction from K to L and (52,-^2,^*2) is a fraction from L to O, then their 

composition (52, -^2,^2) °(q , i ; -^i ; Pi) is the fraction K 1 M\ x ^ M2 P2 -^ 2 O. 

The main property of FRAC(if, L) is that 7To(FRAC(if, L)) = Hom I) [-2,o]( S )(if, L), where 7ro 
denotes the isomorphism classes of objects. 

1. Recall on the 3-category of Picard 2-stacks 

Let S be a site. A Picard S-2-stack P = (P, ®, a, c) is an S-2-stack in 2-groupoids equipped 
with a morphism of 2-stacks (g> : P x P — > P, called group law of P, and with two natural 2- 
transformations a : <S> (<8> x idp) =4> <8> o (idp x <g>) and c : <8> o s ^> <8> (here s(X, Y) = (Y, X)) 
expressing the associativity and the commutativity constraints of the group law of P, such 
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that ¥(U) is a Picard 2-category for any object U of S (see [6|] for the definition of Picard 
2-category) . 

Let (P, (g>pj ap, Cp) and (Q, <S>q, aq, cq) be two Picard 2-stacks. An additive 2-functor 
(F, Xf) : P — > Q is given by a morphism of 2-stacks -F : P — > Q (i.e. a cartesian 2-functor) and 
a natural 2-transformation A^: ®q oF 2 4>Fo cgip, which are compatible with the natural 
2-transformations ap, cp, aq, cq, i.e. which are compatible with the Picard structures carried 
by the underlying 2-categories P(J7) and Q(U). 

Let (i* 7 , A^r), (G, Xg) : P— t>Q be additive 2-functors between Picard 2-stacks. A morphism 
of additive 2-functors (0,F) : (F, Xf) =>(G, Xg) is given by a natural 2-transformation of 
2-stacks 9 : F => G and a modification of 2-stacks T : Xq ° <X>q * 9 2 ^ * ®p o Xf so that 6 
and T are compatible with the additive structures of (F, Xf) and (G, Xg)- 

Let (6i, Fi), (02, T2) : (F, Xf) =>{G, Xg) be morphisms of additive 2-functors. A modi- 
fication of morphisms of additive 2-functors (#1, T\) ^(62, ^2) is given by a modification 
X : #1 ^> #2 of 2-stacks such that (S * CEDp)Ai? o F\ = T2 o Xg(®q * S 2 ). 

Since Picard 2-stacks are fibered in 2-groupoids, morphisms of additive 2-functors are 
invertible up to modifications of morphisms of additive 2-functors and modifications of mor- 
phisms of additive 2-functors are strictly invertible. 

Picard 2-stacks over S form a 3-category 2!Picard(S) whose objects are Picard 2-stacks 
and whose hom-2-groupoid consists of additive 2-functors, morphisms of additive 2-functors, 
and modifications of morphisms of additive 2-functors. 

An equivalence of Picard 2-stacks between P and Q is an additive 2-functor F : P — >■ Q 
with F an equivalence of 2-stacks. Two Picard 2-stacks are equivalent as Picard 2-stacks if 
there exists an equivalence of Picard 2-stacks between them. 

Any Picard 2-stack admits a global neutral object e and the automorphisms of the neutral 
object g/ut(e) form a Picard stack. 

According to [a§8], for any Picard 2-stack P we define the homotopy groups 7Tj(P) for 
i = 0, 1, 2 as follow 

• vro(P) is the sheaffification of the pre-sheaf which associates to each object U of S the 
group of equivalence classes of objects of ¥(U); 

• vri(P) = iro(£/ut(e)) with iro(£/ut(e)) the sheaffification of the pre-sheaf which asso- 
ciates to each object U of S the group of isomorphism classes of objects of £?ut(e)(U); 

• vr2(P) = iri(&/ut(e)) with iri(<s/ut(e)) the sheaf of automorphisms of the neutral object 
of srfut{e). 

The algebraic counter part of Picard 2-stacks are the length 3 complexes of abelian sheaves. 



In [12j], the second author associates to a length 3 complex of abelian sheaves A a Picard 
2-stack denoted by 2st(A) (see [H] for the details), getting a 3-functor 2st : e^ 2 '°l(S) ->■ 
2CPicard(S) from the 3-category e[~ 2 '°l(S) to the 3-category of Picard 2-stacks. Although 
morphisms of length 3 complexes of abelian sheaves induce additive 2-functors between the 
associated Picard 2-stacks, not all of them are obtained in this way. In this sense, the 1-arrows 
of S'~ 2 '°](S) are not geometric and the reason is their strictness. We resolve this problem 
by weakening the 3-categ ory e^ 2 '°l(S), or in other words by introducing the tricategory 



T[- 2 '°1(S). In [12], Tatar shows 
Theorem 1.1. The 3-functor 

(1.1) 2st: T[- 2 '°1(S) ^2:Picard(S), 

given by sending a length 3 complexes of abelian sheaves A to its associated Picard 2-stacks 
2st(A) = Tors(^/, A ) and a fraction A M A- B to the additive 2-functor 2st(p)2st(g)~ 1 : 
2st(j4) — > 2st(B), is a triequivalence. 
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We denote by [ ] the inverse triequivalence of 2st. From this theorem, one can deduce that 
Corollary 1.2. The 3- functor 2st induces an equivalence of categories 
(1.2) 2st bb : £[- 2 <°](S) ^21PlCARD bb (S), 

where 2TiCARD bb (S) is the category of Picard 2-stacks whose objects are Picard 2-stacks and 
whose arrows are equivalence classes of additive 2-functors. 

We denote by [ ] bb the inverse equivalence of 2st bb . The 3-functor 2st and the functor 2st bb 
coincide on objects, i.e. if A is a length 3 complex, 2st(^4) = 2st bb (^4). 

We have the following link between the sheaves 7Tj associated to a Picard 2-stack P and 
the sheaves H~* associated to a length 3 complex of abelian sheaves A in degrees -2,-1,0: for 
1 = 0,1,2 

7Ti(P) = H^([P] bb ) and vr 4 (2st(A)) = H7\A). 

Example 1.3. Let P and Q be two Picard 2-stacks. Denote by EIom 2 y ICARD ( S )(P, Q) the Pi- 
card 2-stack such that for any object U of S, the objects of the 2-category Hom 2: p ICARD ( S ) (P, Q)(U) 
are additive 2-functors from P(Z7) to Q(U), its 1-arrows are morphisms of additive 2-functors 
and its 2-arrows are modifications of morphisms of additive 2-functors. By [12§4], in the 
derived category T)(S) we have the equality 

[Hom 2yiCARD(s) (P,Q)] bb = T< RHom([P], [Q]). 

With these notation, the hom-2-groupoid of two objects P and Q of the 3-category 2CPicard(S) 
is just Mom 2 y ICARD(s) (P, Q). 

2. Fundamental operations on Picard 2-stacks 

Product of Picard 2-stacks 

Let A and B be two Picard 2-stacks. 

Definition 2.1. The product of A and B is the Picard 2-stack A x B defined as follows: for 
any object U of S, 

• an object of the 2-groupoid (A x B)(f7) is a pair (X,Y) of objects with X an object 
of A(U) and Y an object of M(U); 

• a 1-arrow (X,Y) —*{X',Y') between two objects of (A x M)(U) is a pair (f,g) with 
/ : X -> X' a 1-arrow of A(U) and g : Y -> Y' a 1-arrow of B(J7); 

• a 2-arrow (/, g) =>(/',</) between two parallel 1-arrows of (A x B)(f7) is a pair (a, j3) 
with a :/=>/' a 2-arrow of A(U) and /3 : g => g' a 2-arrow of B(f7). 

Fibered product of Picard 2-stacks 

Consider now two additive 2-functors F : A — > P and G : B — > P between Picard 2-stacks. 

Definition 2.2. The fibered product of A and B over P is the Picard 2-stack A xp B defined 
as follows: for any object U of S, 

• an object of the 2-groupoid (A Xp B)({7) is a triple (X, I, Y) where X is an object of 
A(£7), Y is an object of M(U) and / : FX — > GY is a 1-arrow in P(C7); 

• a 1-arrow (X%, l\, Y\) — >(X2, h, Y2) between two objects of (A Xp B)(J7) is given by 
the triple (m, a, n) where m : X\ — > X2 and n : Y\—}Yi are 1-arrows in A{U) and 
M(U) respectively, and a : 1% Fm Gn a l\ is a 2-arrow in P(J7); 

• a 2-arrow between two parallel 1-arrows (m, a, n), (m', a', n') : (Xi, Z^, Yi) — >(X2, 12, Y2) 
of (A xpB)([7) is given by the pair (9, <ft) where 6 : m=^m' and <f> : n=$- n' are 2-arrows 
in A(J7) and B(J7) respectively, satisfying the equation a' o (Z 2 * i^ 1 ^) = (G(f> * l\) o a 
of 2-arrows. 
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The fibered product A x P B is also called the pull-back F*M o/B via F : A — >-P or the pull- 
back G*A of A via G : B— >P. It is endowed with two additive 2-functors pr x : A Xpl^A 
and pr 2 : A Xp B — >• B and a morphism of additive 2-functors ir : G o pr 2 pr x . 

The fibered product A xp B satisfies the following universal property: For every diagram 




there exists a 4-tuple (K, 71 , 72, ©), where K : C — > A xp B is an additive 2-functor, 71 : pr 1 o 
K =>- Hi and 72 : pr 2 o K ^> H2 are two morphisms of additive 2-functors, and is a modifi- 
cation of morphisms of additive 2-functors 



(G P v 2 )K : 

TT*K 



G(pr 2 K)^>GH 2 



e 



_F*7i 



FHi 



This universal property is unique in the following sense: For any other 4-tuple (K', 7 1; 7 2 , &') 
as above, there exists a 3-tuple (V>,Si,S 2 ), where V : K K' is a morphism of additive 
2-functors, and Si, S 2 are two modifications of morphisms of additive 2-functors 



pr 1 *V pr2*V' 

pr 1 K > pr 1 K pr 2 i"T > pr 2 i"C 



71 



H 



7i 



72 



£2 



#2 



^2 



satisfying the compatibility 
(2.1) 

(Gpr 2 )^ =^> G(pr 2 K) 



(Gpv 2 )K' G(pr 2 tf") =^ G# 2 

tt*k' ttr©' 

(Fpr^^Ftpr^O^Ftfx 




(Gpr 2 )K' 



(Gpr 2 )^ =^> Gfrr^)^ Gtf 2 



UTe 



_F*7i 



(FpijK =^> F( Wl K) 

II II f1> # 

{F Wl )K> F{ Wl K>) 



so that for another 3-tuple (V>', S' 1; S 2 ) as above, there exists a unique modification fi : ijj ^ ijj' 
satisfying the following compatibilities for % = 1, 2 



pr, *?/) , 

pr^ =^=^ Wi K> 



Hi 
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The cells with = in diagram (12. ip commute up to a natural modification due to the Picard 
structure explained in Example 11,31 

Fibered product of length 3 complexes 

Let / : A^P and g : S->P be two morphisms of complexes in 3Cl~ 2,0 l(S). In the 
category of complexes 3C^~ 2 ' '(S), the naive fibered product of A and B over P (i.e. the 
degree by degree fibered product) is not the good notion of fibered product of complexes 
since via the triequivalence of tricategories 2st (II. lj) it doesn't furnish the fibered product of 
Picard 2-stacks. The good definition of fibered product in 3C^ 2, °](S) is the following one: 

Definition 2.3. The fibered product A xp B of A and B over P is the good truncation in 
degree of the mapping cone of / — g shifted of -1: 

Ax P 5:=T<o(MC(/- ff )[-l]). 

If A = [A-2 % A -l X _4 A 0] jB = [B -2 % B -l A| B o ] p = [p -2 p-l ^ pO] and f = 

(f~ 2 , f~\ f°):A^P,g = (g~ 2 ,g-\g°) :B^P, the complex Ax P B = r< (MC(/- 5 )[-l]) 
is explicitly the length 3 complex 

(2.2) (A- 2 + B- 2 ) © &A * pB , {A- 1 + B- 1 ) © P- 2 XAypB ; ker(0, f°-g°- X P ), 
where ker(0,/° - g° - X P ) C (.4° + B°) © P~\ 5 AxpB = ( f-2 + Jg-2 q ) < X ^ P B = 
f-l * X g B i -S P ) ' and the differential from (i^B )©?- 1 to OffiP is ( °_ g0 



Proposition 2.4. Let A, B, and P be complexes in X^ 2 >°\S) and let F : 2st bb (A) -> 2st bb (P) 
and G : 2st bb (l?) — > 2st bb (P) be additive 2- functors induced by the morphisms of complexes 
f : A — > P and g : B P in %^~ 2 ^ (S) . Then we have the following equivalence of the Picard 
2-stacks 

2st h \A x P B)^ 2st bb (A) x 2stbb(p) 2st bb (P). 
Proof. To prove this proposition we construct two morphisms 

9: 2st bb (,4) x 2st , b(p) 2st bb (P)^2st bb (,4 x P B), 

*: 2st bb (,4 x P P)^2st bb (A) x 2stbb(p) 2st bb (P), 

and show that 9 o f ^ f o 6 = id. We first construct 6: Let W = (V, -> U) be a hyper- 
cover of an object U of S (see 0§2]) and let ((a,m, 9), (I, a), (b,n,4>)) be a 2-descent datum 
representing an object of 2st bb (A) x 2st bb( P ) 2st bb (P) over U relative to % (see @§6]): m par- 
ticular (a,m,9) and (b,n,4>) are 2-descent data representing objects of 2st bb (^4) and 2st bb (P) 
respectively, and (I, a) : G(b, n, cf) — > F(a, m, 9) is a 1-arrow of 2st bb (P) over U relative to 
i.e. I € P~ l (V ) and a £ P~ 2 {Vi) such that 

f°(a)-g°(b) = X P (l), 
f-\m)- g -\n) = 5 P (a)+d* (l)-dl(l), 

with the property 

f- 2 (9) - g- 2 ^) = d* Q (a) - dl(a) + d* 2 (a). 
Confronting the above relations with the complex (12. 2|) . we deduce that the collection 
((a, b, I), (m, n, a), (9, eft)) is a 2-descent datum representing an object of 2st bb (A Xp B) over 
U relative to . We define ©((a, m, 9), (I, a), (b, n, 4>)) = ((a, b, I), (m, n, a), (9, (/>)). 
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Now we construct Let ((a' ,b' ,l'),(m' ,n' ,a'),(0' be a 2-descent datum represent- 
ing an object of 2st bb (y4 x P B) over U relative to % . We define its image under ^ by 
{(a',m\6'),{l\a'),(b\n\4>'))- 

It follows directly from the definitions of the morphisms \& and that ^ , o@ = Oo<I' = id. □ 

We extend the discussion of fibered product of length 3 complexes of abelian sheaves to 
the tricategory T[~ 2 '°](S). Let / = (qj,M,pf) be a fraction from A to P and g = (q g ,N,p g ) 
be a fraction from B to P in T[~ 2 '°](S). 

Definition 2.5. The fibered product AMp B of A and B over P is the fibered product 
M Xp N of M and ./V over P via the morphisms of complexes pf. M — > P and p g : N — > P in 
the sense of Definition 12.31 

AM P B:=M x P N = T< (MC(p/ - p a )[-l]) . 

Using Proposition 12.41 and the fact that M and iV are quasi-isomorphic to A and -B 
respectively, we get that the notion of fibered product of complexes in the tricategory 
T[~ 2 ' 1(S) corresponds to the notion of fibered product of Picard 2-stacks in 2CPlCARD(S): 
2st(A M P B) = 2st(A) x 2st(P) 2st(S). 

Fibered sum of length 3 complexes 

The dual notion of fibered product of complexes is fibered sum. Let / : P — > A and 
g : P— >B be two morphisms of complexes in IK[~ 2 '°](S). In the category of complexes 
3C[ -2 '°](S), the naive fibered sum of A and B under P (i.e. the fibered sum degree by degree) 
is not the good notion of fibered sum for complexes. The good definition is 

Definition 2.6. The fibered sum A + p B of A and B under P is the good truncation in 
degree -2 of the mapping cone of / — g: 

A+ p B := r>_ 2 (MC(/ - <?)). 

As in the case of fibered products, we extend the definition of fibered sum to complexes 
in T[ _2 '°1(S). Let / = (qf,M,pf) be a fraction from P to A and g = (q g ,N,p g ) be a fraction 
from P to B in T[~ 2,0 1(S). The complexes A and B are not under a common complex, but 
under the complexes M and N which are quasi-isomorphic to P. So to define the fibered 
sum of A and B under P, we first make the fibered product M xpN of M and N over P via 
the morphisms of complexes qf. M^P and q g : N — >P in the sense of Definition 12.31 We 
denote by pr M : M XpN — > M and by pr^y : M x p N — > N the natural projections underlying 
the fibered product M Xp N. Then, we define 

Definition 2.7. The fibered sum A\B P B of A and B under P is the fibered sum 

A+ Mx P N B 

of A and B under M xp N via the morphisms of complexes pf o pr M : M Xp iV — > ^4 and 
° P r Af : M Xp N ^ B in the sense of Definition 12.61 

AS P B:=A + MxpN B = r>_ 2 (MC(p/ o pr M - p g o pv N )) . 

Fibered sum of Picard 2-stacks 

To define fibered sum of Picard 2-stacks one needs the 2-stackification process. We cir- 
cumvent this process, which is yet to be defined, by defining the fibered sum of two Picard 
2-stacks in 2!Picard(S) as the image, under the triequivalence of tricategories (jl.ip . of the 
fibered sum of the corresponding complexes in T[~ 2, °1(S). 

Definition 2.8. The fibered sum A+ P B of A and B under P is the Picard 2-stack 2st([A] ffl[ p l 
[IB])- 
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The fibered sum A+ B is also called the push-down F*M o/B via F : P— >-A or the push- 
down G*A of A via G : F — >■ B. It is endowed with two additive 2-functors inci : A — > A + p B 
and inc2 : B— >A + p B and with a morphism of additive 2-functors l: inc2 inci o F. 

Moreover it satisfies the dual universal property of the fibered product. In Appendix iBl we 
state this universal property and we sketch the proof of the fact that the fibered sum A + p B 
satisfies this universal property. 

Examples 

Let A and B be two Picard 2-stacks and F : A— >M be an additive 2-functor. We denote 
by the Picard 2-stack whose only object is the unit object and whose only 1- and 2-arrows 
are identities. 

Definition 2.9. The homotopy kernel ~Ker(F) of F is the fibered product A Xg via the 
additive 2-functor F : A— s>B and the additive 2-functor 0— >B. 

The homotopy cokernel Cokev(F) of F is the fibered sum + A B via the additive 2-functor 
F : A— s>B and the additive 2-functor A— s-0. 

Using Proposition 12.41 we have 

Lemma 2.10. (1) Let f : A^B be a morphism of complexes of %^~ 2 '°\S) and let F : 
2st bb ( J 4)^2st bb (5) be the additive 2-functor induced by f . 

We have Ker(F) = 2st bb (r< (MC(/)[-l])) and Coker(F) = 2st bb (t>_ 2 (MC(/))) . 
(2) Let F : A — >• B be an additive 2-functor between Picard 2-stacks and let f = (qf, M,pf) 
be the fraction o/ T' _2 '°] (S) corresponding to F via 

We have Ker(F) = 2st(r< (MC(p/)[-l])) and Coker(F) = 2st(r>_ 2 (MC(p/))) . 

3. The 3-category of extensions of Picard 2-stacks 
Let A and B be two Picard 2-stacks. 

Definition 3.1. An extension (J,E, J, e) of A by B consists of 

• a Picard 2-stack E; 

• two additive 2-functors / : B — > E and J : E — >■ A; 

• a morphism of additive 2-functors e : J o I between Jo/ and the null 2-functor 
: B-> A, 

such that the following equivalent conditions are satisfied: 

• 7ro(J) : vro(E) — >• 7ro(A) is surjective and L induces an equivalence of Picard 2-stacks 
between B and Ker(J); 

• 7T2(I) : vr 2 (B) — > 7T2(E) is injective and J induces an equivalence of Picard 2-stacks 
between Coker(J) and A. 

Let (/, E, J, e) be an extension of A by B and let (K, F, L, q) be an extension of C by D. 

Definition 3.2. A morphism of extensions (L, E, J, e) — >(K, F, L, is given by the collection 
(H, F, G, a, 0, $) where 

• H : B->B, F : E^F, and G : A^C are additive 2-functors; 

• a:FoL=^KoH and f3 : L o F G o J are morphisms of additive 2-functors; 
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(LF)I L(FI) =^> L(KH) =^=> (LK)H 



(3-1) 



j3*I 



(GJ)I=>G(JI) 



<;*H 



G*e 



>G0 



OH 



where fie'- GoQ^-QoH is the morphism of additive 2-functors defined as follows: For 
any U G S and for any object X of B({7), the component of at X is the natural 
arrow \pg]x- Ge^^ec in C(U). 

Definition 3.3. Two extensions Ei = (Ji,Ei, J\,£\) and E2 = (/2,E2, J2, £2) of A by B are 
equivalent as extensions of A by B if there exists a morphism of extensions from Ei to E2 
inducing identities on A and on B. 

In other words, Ei and E2 are equivalent as extensions of A by B if it exists an addi- 
tive 2-functor F : Ei — >E2, two morphisms of additive 2-functors a: F o I x =>/ 2 ida and 
(3 : J2 o F =>■ idA J\ and a modification of morphisms of additive 2-functors $ such that 
(ids, F, idA, ac,P,<&) is a morphism of extensions. 

Let (Hi, Fi, Gi, ai, /3±, 3>i) and (H2, F2, G2, &2, P2, ^2) be two morphisms of extensions 
from (I, E, J, e) to (K, ¥, L, q) 

Definition 3.4. A 2-morphism of extensions (Hi,Fi,Gi,ai,/3i,$i) =K#2, F 2 , G2, 02, /?2, $2) 
is given by the collection (7, 5, e, ^, f2) where 

• 7 : Hi i?2> <5 : F\ => i^ 2 , e : Gi => G2 are morphisms of additive 2-functors; 

• ^ and f2 are modifications of morphisms of additive 2-functors 



FiF 



(3.2) 



8*1 



KHi 



LFi 



n 



F 2 I KH 2 



LF 2 



€*J 

Go. J 



so that the pasting of the 3-arrows in the diagram 



(3.3) 



(LF 2 )I ^ (G 2 J)I =^*> G 2 (JI) G 2 



L*(S*I) 



JU- (e*J)*I 



e*(JI) 



e*0 




^ 7^ ^ J ) / =r* G ^ 

JJJ. 




0*5 
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is equal to the pastings of the 3-arrows in the diagram 



(LF 2 )I =S> (G 2 J)I =^=> G 2 (JI) 



G2*e 



(3.4) 




*2 

L(F 2 I)J^L(KH 2 ) 



(LK)H 2 




L*(5*I) Ml- L*(K*j) 2i (LK)*y S= 

L{F X I) ===> L(KHi) ==> (LK)Hi ==> Oi?i 

In the diagrams above the symbol = inside a cell means that the cell commutes up to a 
natural modification of morphisms of additive 2-functors explained in Example 11.31 

Let (7, 5, e, O) and (7', 5', e', £1') be two 2-morphisms of extensions from (Hi,Fi, G\,a\,Pi, $1] 
to {H 2 ,F 2 ,G 2 ,a 2 ,p 2 ,<5> 2 ). 

Definition 3.5. A 3-morphism of extensions (7, 5, e, f2) ^(7', 5', e', O') is given by 
three modifications of morphisms of additive 2-functors T : 7^7', A : 5^5', and T : e ^ e' 
satisfying the equation 



(3.5) 



FlI-- 


ai 




* 




I 






F 2 I = 


«2 



KHi 
KH 2 



Fil 
8*1 
F 2 I 





KHi 












* 






- 

Q2 


KH 2 



and a similar equation between the modifications Q, 0', A, and T. 

Definition-Proposition 3.6. Let E = (J, E, J, e) be an extension of A by B and Zei E 

(K,¥, L,s) be an extension of C fry D. T/ien i/ie S-2-stack Homgxt(E, E) whose 

• objects are morphisms of extensions from E to E; 

• 1-arrows are 2-morphisms of extensions; 

• 2-arrows are 3-morphisms of extensions; 

is a 2-groupoid, called the 2-groupoid of morphisms of extensions from E to E. 

Proof. The proof is left to the reader. 



□ 



The extensions of Picard 2-stacks over S form a 3-category £xt2j>i C ARD(s) where objects are 
extensions of Picard 2-stacks and where the horn- 2-groupoid of two extensions E and E is 
Honi£ xt (E, E). For any two Picard 2-stacks A and B, we denote by £xt(A, B) the 3-category 
of extensions of A by B. 

4. Extensions of length 3 complexes via fractions 

Let A and B be complexes of T [ ~ 2 '°1(S). 

Definition 4.1. An extension E = (i, E, j, R) of A by B in the tricategory T[~ 2 ' ] (S) consists 
of 

• a complex E of T[- 2 <°](S); 

• two fractions i = (q{,M,pi) from B to E and j = (qj,N,pj) from E to A of T^ 2, °](S); 

• a 1-arrow of fractions R = (r,R,r') : j o i between j o % and the trivial fraction 0; 
such that the following equivalent conditions are satisfied: 

(a) H°(pj) o (H°(oj)) _1 : H°(E) — > H°(^4) is surjective and i induces a quasi-isomorphism 
between B and r< (MC(p i )[-!]); 
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(b) B- 2 (pi) o (H-^gi))" 1 : H- 2 (B) -> H" 2 (£) is injective and j induces a quasi-isomorphism 
between r>_2(MC(pj)) and A. 

Let (i,E,j,R) be an extension of A by -B and (k,F,l,S) be extension of C by D with 
j = {qi,M,pi), j = (qj,N,pj), k = (q k ,K,p k ), and / = (q t ,L,pi). 

Definition 4.2. A morphism of extensions (i, E,j, R) — >(k, F, I, S) is given by the collection 
(f,9>h,T,U,u) where 

• / = (lf,Qf,Pf)- E^F, g = (q g ,Q g ,p g ): A^C, and h = (qh,Qh,Ph)- B^D are 
fractions; 

• T = (t,T,t') : / oi=$>- koh and U = (u,U,u'): lof=>goj are 1-arrows of fractions 





■ M P S 




-N 


-^A 


ih\ 








\i 3 


Q h 




Q/ 


u# 


Qg 


ph\ 




\pf 




\Pg 


Qk 


-K ! 

Pk 


- F -< — 


L- 





w is a 2-arrow of fractions from the pasting of the 1-arrows of fractions (s,S,s'), 
(u,U,u'), and (t,T,t ! ) to the 1-arrow of fraction (r,R,r') 



(4.1) 



l*T 



g*R 



l{kh) ==> {lk)h => D h — > gO B 

where Ob = (id#,-B,0): B— > A, Od = (idr>,-D, 0): D—>C, and is the 1-arrow of 
fractions given by triple (id Qh ,Q h , q h ). 

Let (i,E,j,R) be an extension of A by i? and (k,F,l,S) be an extension of C by .D. 
Let (fi, gi, hi,Ti,Ui,uJi) and (/2, 52, ^-2, T2, t/ 2 , ^2) be two morphisms of extensions from 
(i,E,j,R) to (k,F,l,S). 

Definition 4.3. A 2-morphism of extensions (f\, gi, hi,Ti, U\, oj\) =K/2, 92-, ^2i T%, ^j^) is 
given by the collection (Xf,X g ,Xh,a,T) where 

• X f = (x f ,X f ,x' f ) : /x =>• / 2 , X 9 = {x g ,X g ,xf g ) : 51 g 2 , and X ft = (x h ,X h ,x' h ) : 
hi =4> /i2 are 1-arrows of fractions; 

• a and r are 2-arrows of fractions 



f\i khi 



Ifi =^> gu 



X f *i 



k*X h l*X f 



foi > kho 



U 2 



Xg*j 



923 



such that a, r, oji, and L02 satisfy a compatibility condition which can be obtained 
from diagrams analog to (|3.3p and (|3.4p . 



Let (Xf, X g , Xh, a, t) and (Yf, Y g , Y^, fj,, u) be two 2-morphisms of extensions. 
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Definition 4.4. A 3-morphism of extensions (Xf,X g ,Xf l ,cr,T)^(Yf,Yg,Yf l ,ij,,u) is given 
by three 2-arrows of fractions a : Xf ^ Yf, ft : X g ^ Y g , and 7 : X^ ^> Y^ (i.e. isomorphisms) 
such that all regions in the following diagrams commute 




and such that a, ft, 7, a, r, fi, v satisfy the compatible conditions which are given by a 
commutative diagram of 3-arrows analog to (|3.5p . 



As for extensions of Picard 2-stacks we have the following Proposition whose proof is left 
to the reader: 

Definition-Proposition 4.5. Let E = (i,E,j,R) be an extension of A by B and F = 

(k,F,l,S) be an extension of C by D. Then the S-2-stack Mom^ xt (E, F) whose 

• objects are morphisms of extensions from E to F; 

• l-arrows are 2-morphisms of extensions; 

• 2-arrows are 3-morphisms of extensions; 

is a bigroupoid, called the bigroupoid of morphisms of extensions from E to F. 

The extensions of length 3 complexes in Tl -2, °1(S) form a tricategory £xt^[-2 : o](s) where 

objects are extensions of length 3 complexes in T[~ 2 '°1(S) and where the hom-bigroupoid 
of two extensions E and F is Mom^ (E,F). For any two length 3 complexes A and B of 
T^ 2, °](S), we denote by 8,xt(A,B) the tricategory of extensions of A by B. 

Remark 4.6. Let E = (i,E,j,R) be an extension of A by B with i = (qi,M,pi) and 
j = (qj, N,pj). The morphism of complexes pj : N —■ A can be completed into a distinguished 

triangle MC(pj)[-l] ->N % A^+ which is isomorphic to 5 4 £ A in £>(S). 

Similarly, the morphism of complexes pi : M — )• E can be completed into a distinguished 

triangle M ^ E ->• MC(pj) -> + which is isomorphic to B A E -h A ->• + in D(S). 

As an immediate consequence of the above Definitions we have 
Proposition 4.7. The triequivalence 2st induces a triequivalence between £xt2j>i C ARD(s) an d 

£xt T [-2,0]( S ). 

5. Operations on extensions of Picard 2-stacks 

Let E = (J,E, J, e) be an extension of the Picard 2-stack A by the Picard 2-stack B and 
let G : A' — >■ A be an additive 2-functor. Recall that we denote by the Picard 2-stack whose 
only object is the unit object and whose only 1- and 2-arrows are identities. 

Definition 5.1. The pull-back G*E of the extension E via the additive 2-functor G : A'— > A 
is the fibered product E x_& A' of E and A' over A via J : E — > A and G : A' — > A. 

Lemma 5.2. T/ie pull-back G*E o/E wa G : A'— > A is an extension of A' by B. 

Proo/. Let G*E = (G*E, pr l9 pr 2 , ttg) be the pull-back of E via G and J, with pr x : G*E -> A' 
and pr 2 : G*E — > E the underlying additive 2-functors and ttq ■ ^°pr 2 Gopr 1 the underlying 
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morphism of additive 2-functor. From the morphism of additive 2-functors e : J o I - 
get the morphism of additive 2-functors 



• we 




Therefore according to the universal property of the pull-back, there exists a 4-tuple (/', 71 , 72 , 6) 
consisting of an additive 2-functor /' : B — )■ Cr*E, two morphisms of additive 2-functors 
71 : pr x o I' =>■ and 72 : pr 2 o I' 7, and a modification of morphisms of additive 2-functors 

e 



(Jpr 2 )/' 

■kg*!' 

(G Wl )I> 



J(pr 2 /') fe> JI 



e 

G(p ri /') 



G*7i 



EG 

GO 



Moreover by composing the equivalence of Picard 2-stacks B = Ker(J) = E x^O with the 
natural equivalence of Picard 2-stacks E = E A' X4/ = ICer(pr 1 ), we get that B is 
equivalent to the Picard 2-stack Ker(pr 1 ). Finally the surjectivity of vro(J) : 7ro(E) — >• 7ro(A) 
implies the surjectivity of ^(pr-^ : tto(G*¥,) — > tto(A'). Hence (/', G*E, pr l5 71) is an extension 
of A' by B. □ 



The dual notion of pull-back of an extension is the push-down of an extension. Let E = 
(I, E, J, e) be an extension of A by B and let F : B -» B' be an additive 2-functor. 

Definition 5.3. The push-down i^E of the extension E via the additive 2-functor F : B — > B' 
is the fibered sum E + B B' of E and B' under B via F : B B' and I : B -> E. 

Dualizing the proofs done for the pull-back of an extension, we get that the push-down 
-F*E of the extension E via F : B — > B' is an extension of A by B' which is endowed with a 
universal property. 

Now we can define the group law for extensions of A by B using pull-back and push-down 
of extensions. Let E and E' be two extensions of A by B. Remark that E x E' is an extension 
of A x A by B x B. 

Definition 5.4. The sum E + E' of the extensions E and E' is the following extension of A 
by B 

(5.1) Dl{m),{^ x E'), 

where Da '■ A — > A x A is the diagonal additive 2-functor of A and ®b '■ B x B — > B is the 
morphism of 2-stacks underlying the Picard 2-stack B (i.e. <8>b is the group law of B). 

Proposition 5.5. The sum given in Definition \5.4\ equipes the set £xt 1 (A,B) of equivalence 
classes of extensions of A by B with an abelian group law, where the neutral element is the 
equivalence class of the extension AxB, and the inverse of an equivalence class E is the 
equivalence class of — E = (— idjB)*E. 

Proof. Associativity: Following the definition of the sum and using the universality of pull- 
back and push-down, we obtain 
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(E!+E 2 ) + E 3 = I>X(®b)*[(£>I(®b)*(Ei xE 2 )) xE 3 ] 

= ^ a (®b)* \D a x id A )*((®B)*(Ei x E 2 ) x E 3 )] 

D* A (® M )* [(Da x id A )*[(® B x id B )*((Ei x E 2 ) x E 3 )]] 
D* A (D A x id A )*(® B )*(®B x id B )* [(Ei x E 2 ) x E 3 ] 
^ [(D A x id A ) oD A ]*( ® B o(® B x id B )) „ ((Ei x E 2 ) x E 3 ) 

By repeating the above arguments starting with Ei + (E 2 + E 3 ), we find that Ei + (E 2 + E 3 ) = 
[(idA x Da) ° Da]*( ®b (ida x 0b))* ((Ei x E 2 ) x E 3 ). Using the associativity constraint 
a : <8>b °(®B x ids) 0b (ids X 0b) of a Picard 2-stacks and observing that (Da x id A ) oD a = 
(id A x Da) o D a , we find that (E x + E 2 ) + E 3 ^ E x + (E 2 + E 3 ). 
Commutativity: It is clear from the formula ()5.ip . 

Neutral element: It is the product A x IB of the extension A = (0 — > A, A, id : A — ► A, 0) 
of A by with the extension B = (id : 1 -> B, B, 1 0, 0) of by B. □ 



6. HOMOLOGICAL INTERPRETATION OF EXTENSIONS OF PlCARD 2-STACKS 

Let A and B be two Picard 2-stacks. 

Lemma 6.1. Let E = (I, E, J,e) be an extension of A by B. Then the Picard 2-stack 
Hom 2 j) ICARD ( S )(A,B) is equivalent to Hom£ xt (E, E). In particular, Homg xt (E,E) is endowed 
with a Picard 2-stack structure. 

Proof. The equivalence is given via the additive 2-functor 

EIom 2yiCARD(s) (A,B) — > Mom £xt (E,E) 

F ^ (a4 a + IFJ(a)). 

□ 

By the above Lemma, the homotopy groups 7Tj(IHIoni£ x t(E, E)) for i = 0,1,2 are abelian 
groups. Since by definition £xt~*(A,B) = 7Tj(IHIom£ x t(E, E)), we have 

Corollary 6.2. The sets £xt*(A,B), for i = 0, —1, —2, are abelian groups. 

Proof of Theorem 1 0. 1\ for i=0,-l,-2. According to Lemma 16. 11 the homotopy groups of 
Hom 2 y ICARD ( S )(A,B) and Hom£ xt (E, E) are isomorphic and so by Example 11.31 we conclude 
that £xt l (A,B) vr_ i (Mom 2;PlCARD(s) (A,B)) ~ H l (r< RHom([A], [B])) = Hom D(s) ([A], [M][i]). 

□ 

Before we prove Theorem 10.11 for i = 1, we state the following Definition: 

Definition 6.3. An extension E = (I,E, J, e) of A by B is split if one of the following 
equivalent conditions is satisfied: 

(1) there exists an additive 2-functor V : E— )-B and a morphism of additive 2-functors 
a :V o I ^ ids; 

(2) there exists an additive 2-functor U : A— >-E and a morphism of additive 2-functors 
/3 : J o U id A ; 

(3) E is equivalent as extension of A by B (see Definition 13. 3p to the neutral object A x B 
of the group law defined in (|5.ip . 

Proof of Theorem 1 0. 1\ for i=l. First we construct a morphism from the group £xt 1 (A,B) of 
equivalence classes of extensions of A by B to the group Ext 1 ([A], [B]) 

9: fixt^A,!) — > Ext 1 ([A], [B]), 
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and a morphism from the group Ext 1 ([A], [B]) to the group £xt 1 (A, B) 

Ext 1 ([A], [B]) — ► Ext 1 (A, B). 

Then we check that 0o'I' = id = x I'o0 and that is an homomorphism of groups. 

Before the proof we fix the following notation: if A is a complex of T>[- 2 '°](S) we denote 
by A the corresponding Picard 2-stack 2st(A). Moreover if / : A— >E is a morphism in 
2?[ _2 '°](S), we denote by F : A^E a representative of the equivalence class of additive 
2-functors corresponding to the morphism / via the equivalence of categories (jl,2p . 

(1) Construction of O: Consider an extension E = (I, E, J, e) of A by B and denote by E = 
(i, E, j, R) the corresponding extension of A = [A] by B = [B] in the tricateg ory T[- 2 >°](S). 

By Remark 14.61 to the extension E is associated the distinguished triangle B — )■ E — > A — Y + 
in D(S) which furnishes the long exact sequence 

(6.1) >-Hom v{s) (A, B)^Hom v(s) (A, £)^Hom D(s) (A, AJ-^Ext 1 ^, fl)— • • 

We set 0(E) = d(idA)- The naturality of the connecting map d implies that 0(E) depends 
only on the equivalence class of the extension E. 

Lemma 6.4. If Ext 1 (A, B) = 0, then every extension of A byM is split. 

Proof. By the long exact sequence (|6.ip . if the cohomology group Ext 1 (A,i?) is zero, the 
identity morphisms id^ : A — > A lifts to a morphism /: A — > E in D[~ 2,0 1(S) which furnishes 
an additive 2-functor F: A — > E such that J o F = idA- Hence, E is a split extension of A by 
B. □ 

The above lemma means that 0(E) is an obstruction for the extension E to be split: E 
is split if and only if idyi: A — > A lifts to Hom^^^A, E), if and only if 0(E) vanishes in 
Ext 1 (A, B). 

(2) Construction of f: Choose a complex K = [K~ 2 -> K' 1 -> K°] of D^ 2 ^ (S) such that 
K~ 2 , K~ l ,K a are injective and such that there exists an injective morphism of complexes 
s: B —7- K. We complete s into a distinguished triangle 

(6.2) B^+K^^MC{s) 

in D(S). Setting L = r>_2MC(s), the above distinguished triangle furnishes an extension of 
Picard 2-stacks 

B — ^-s-K — ^-5~L, 

and the long exact sequence 

(6.3) -Hom D(s) (A, B) ^Hom D(s) (A, K) -^Hom B(s) (A, L) ^-Ext 1 (A, B) — 0. 

Given an element x of Ext 1 (A, B), choose an element u of HoniD(s)(A, L) such that d(u) = x. 
The pull-back ?7*K of the extension K via the additive 2-functor U : A — > L corresponding to 
the morphism u: A—t-L of 2)(S) is an extension of A by B by Lemma 15.21 
We set ^f(x) = C/*K i.e. to be precise *&(x) is the equivalence class of the extension U*~K of 
A by B. Now we check that the morphism ^ is well defined, i.e. *$>(u) doesn't depend on the 
lift u of x. Let v! € Homers) (A, L) be another lift of x. From the exactness of the sequence 
(|6.3p . there exists / G HomD(s)(A, K) such that v! — u = t o f, i.e. we have the following 



20 



CRISTIANA BERTOLIN AND AHMET EMIN TATAR 



commutative diagram 



V 



A 



U'-U 



L 



Consider now the pull-back (U' — U)*~K of the extension K via the additive 2- functor U' — U : 
A— >L. The universal property of the pull-back (U' — U)*M. applied to the above diagram 
furnishes an additive 2-functor H : A— >(U' — U)*M. and a morphism of additive 2-functors 
a : pr 1 o H =4> idA (here pr 1 : (U' — J7)*K— >A is the additive 2-functor underlying the 
extension (U' — U)*M. of A by B). Hence from Definition 16,31 the extension (U 1 — U)*A is 
split, which means that the extensions U'*A and U*A are equivalent. 

(3) 8 o $ = id: With the notation of (2), given an element x of Ext 1 (A, B), choose an 
element u of Hom^s)^, L) such that d{u) = x. By definition *$>(x) = J7*1K. Because of the 
naturality of the connecting map d, the following diagram commutes 



Hom D(s) (A, B) ^ Hom c(s) (A, [U*l 



Rom ns) (A,A)^Ext 1 (A,B) 



id 



id 



Rom^ s) (A,B) 



Kom V ( S) (A, K) 



Hom B(s) (A, L) —— >- Ext 1 (.4, B) 



Therefore 6(*(x)) = 6(J7*K) = 0(i<U) = d{u o id A ) = d(u) = x, i.e. G surjective. 

(4) $ o = id: Consider an extension E = (/, E, J, e) of A by IB and denote by E = 
(i, E,j, R) the corresponding extension of A = [A] by B = [B] in T^ 2, °](S). As in (2), choose 
a complex K of Dt~ 2 '°](S) such that K~ 2 , K~ X ,K® are injective and such that there exists 
an injective morphism of complexes s: B^K. Complete s: B^K into the distinguished 
triangle (|6.2p and let L = t>_2MC(s). The injectivity of K furnishes a lift u: E — > K of the 
morphism of complexes s: B^K. From the axioms of the triangulated categories, there 
exists a morphism v' : A—>L giving rise to the morphism of distinguished triangles 



B 



E 



(6.4) 



id 



B >■ K s- L 

S t 

which leads to a morphism of long exact sequences 
Hom D(s) (A, B) Hom B(s) (A, E) 



B[l] 



id 



B[l] 



Hom B(s) (A, A) Ext 1 (A, B) 



(6.5) 



id 



id 



Hom D(s) (A, B) — - Hom D(s) (A, K) Hom v{s) (A, L) — - Ext 1 (A, B 



Let 9(E) = d(id A ) = y with y an element of Ext 1 ^,^). By definition = V*K with v 
an element of Homp(s) (A, L) such that d(v) = y. From the commutativity of the diagram 
(|6.5p . v' — v = to f with / € Homjvg)^, K), which shows as in (2) that the extensions V*~K 
and V'*M. are equivalent. From the universal property of the pull-back V'*K applied to the 
central square of (16. 4h . there exists an additive 2-functor H : E— >-V'*K and two morphisms 
of additive 2-functors pr\ o H =>■ J, o H =$> U (here pr x : V'*K— » A and pr 2 : V'*K— t-K 
are the additive 2-functors underlying the pull-back V'*K), which furnish a morphism of 
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extensions (ids, H, id&, a : H o I I' o id®, (3 : pr\ o H =4> id& o J, from E to V'*K inducing 
the identity on A and B (here J' : B — > V'*K is the additive two functor underlying the 
extension V'*K of A by B). By definition, the extensions E and V'*K are then equivalent. 
Summarizing (6(E)) = = V*K ^ ^ E, i.e. 6 is injective. 

(5) is a group homomorphism: Consider two extensions E,E' of A by B. With the 
notations of (2) we can suppose that E = U*K and E' = U'*K with U,U' : A— s>L two 
additive 2-functors corresponding to two morphisms u, v! : A^L of 2)[- 2 '°](S). Now by 
definition of sum in £xt 1 (A,B) (see formula (|5.ip ), we have 

E + E' = DX(® B )*(C/*Kx U'*K) 

= L>1(®b)*(C/xC/')*(KxK) 
= ([/ + f/K(%),(IxI) 
= (U + U')*(K + K) 

where : A — > A x A and L\ :L-)-LxL are the diagonal additive 2-functors of A and L 
respectively, and <8>b : B x B — >• B is the morphism of 2-stacks underlying the Picard 2-stack 
B. This calculation shows that 6 (E + E') = d(u + u') where d: Hom D ( S) (4, L) ->• Ext 1 (A B) 
is the connecting map of the long exact sequence (|6.3p . Hence, G(E + E') = d(u + u') = 
d(u) + d(u') = G(E) + G(E') . □ 

Appendix A. Long exact sequence involving homotopy groups 

Proposition A.l. Let (I, E, J, e) be an extension of A byM. There exists two connecting 
morphisms T : ^(A) — > 7Ti(B) and A : 7Ti(A) — > vtq(B) such that the sequence of abelian sheaves 







WE) 



(A.l) 



7T 2 (A) 



■7Tl(J)- 



Ti-i GO 

7Ti(B) > 7Ti(E) 



7T1 



7T (E) 



vr (A) 







7T (7) " " ' 7T (J) 

is a long exact sequence. 

Proof. Consider the additive 2-functor A : srfut(e&) — > Ker(J) defined as follows: Any 
tp € £?ut(eA)(U) is sent to (eE,y ° fJ-j) with ^j: J(e^)— > e&, and any 1-arrow (3: (p^>ip 
in £/ut(e&)(U) is sent to (id eE ,/3 * /Uj). On the classifying sheaves, this additive 2-functor 
induces the morphisms Ao : no(£/ut(eA)) — > vro(lKer(J)) and Ai : K\(stfut{e&)) — > 7Ti(Ker( J)). 
Recalling that B = Ker(J), we define T and A as 

A = A : vri(A) = 7r (^(e A ))— »-7r (Ker(J)) = tt (B), 

r = Ai: vr 2 (A) = vri(^(e A )) — ►7r 1 (Ker(J)) = 7r x (B). 

From the extension (J, E, J, e), we obtain a sequence of Picard stacks 



(A.2) 



-£/ut(e A ), 



where I&/ and are additive functors defined as follows: for any U E S and <^ : ei — > ei in 
■K^wf (eis)(f7), Ijrf((f) is an automorphism of e^ over C7 such that ai : hjo I(tp) => I#/{<-p) o 
where and a/ are respectively a 1-arrow and a 2-arrow of E(C7) which result from the 
additivity of /. Similarly for J&. The sequence (|A.2p is a complex of Picard stacks with 
£W : J si ° I$f obtained from e: J o I 0. It exists a functor : sdut{e%) — > J^er{J^) 
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that sends tp G s/ut(e®)(U) to (I^(ip),e^((p)) G Jter(J^)(U). Since B = Ker(J), M(e®) = 
£?ut(e^ eI (j-\) . Moreover, .e/ui(eK er (j)) = Jter(J^) where eK er (j) = (eE,/ij). Therefore the 
functor is an equivalence and so the sequence of Picard stacks (|A.2|) is left exact. Applying 
to it [1, Proposition 6.2.6], we get the exactness of (|A.1|) from the left end to 7Ti(A). 

The exactness at 7To(E) follows from the equivalence Ker(J) = B. The surjectivity of ttq(J) 
follows from the definition of extension. It remains to show the exactness at 7ro(B) and 7Ti(A). 

Exactness at vr (B): Let [(X,(p)] G 7r (Ker(J))(J7) = vr (B) so that tt (I)[(X, cp)} = [e E ], 
i.e. there exists a 1-arrow ip: e E — >X in E(C7). Consider the class of the automorphism 
X G 7To(£/ut(e&))(U) = 7Ti(A)(C/) such that (3 : ip o J(ip) =4> x ° V> J with (3 a 2-arrow. Then 
A[x]=Mx} = [(eE,X°Vj)} = [(X,<p)]. 

Exactness at 7Ti(A): Let [ip] G iTQ(£/ut(e&))(U) = 7Ti(A)(f7) such that A[ip] = Ao{(p} = 
[Atp] = [(ejE, /ij)]. That is, (eg^oyUj) = (eE,/ij). Then there exists ^ : eg — >• eg in s/ut(e^){U) 
and /3 : fj,j o J(^) =^ (f o fij in A(U). Thus 7Ti(J)[^] = [y]. □ 

Appendix B. Universal property of the fibered sum 

Proposition B.l. The fibered sum A + p B of A and B under P defined in Definition 
satisfies the following universal property: For every diagram 



(B.l) 



there exists a J^-tuple (K, 71,72, 6), where K: A+ P B— >-C is an additive 2- functor, 71 : A o 
inci =>■ f/i and 72 : K o inc2 => ft> a? "e too morphisms of additive 2-functors, and Q is a 
modification of morphisms of additive 2-functors 

K(inc 2 G) ^=^> (Kmc 2 )G ^> H 2 G 




e 



(B.2) Km 

KCmaF) ==> (Kmci)F => H X F 



This universal property is unique in the following sense: For any other 4-tuple (K 1 ', 7^, 7 2 , 0') 
as above, there exists a 3-tuple (ip, Si,S2), where ip: K => if' zs a morphism of additive 2- 
functors, and Si, S2 are too modifications of morphisms of additive 2-functors 

y>*inci V>*inc 2 ,. 

Amci > A mci A111C2 > A mc2 



71 \ ^ ix 72 ^ ^ 7 2 

ill ft 

satisfying the compatibility dual to \2. 1\) so that for another 3-tuple (ip' , Sj, S 2 ) as above, there 
exists a unique modification \x : ip^- ip' satisfying the following compatibilities for i = 1,2 

K incj > A incj Aincj > A" inc^ 



ft 
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Proof. For simplicity, we assume that all additive 2-functors correspond to morphisms of 
complexes. If A = [A~ 2 H A' 1 H A%B = [£T 2 H B' 1 % B%P = [P~ 2 S -$ P' 1 % P°] 
and / = {f- 2 J~\f°) : P^A,g = (g- 2 ,g~\g°) : P->B, the fibered sum A + p B = 
r>_2(MC(/ — g)) of A and B under P is explicitly the length 3 complex 



(B.3) coker(5 P , f~ 2 - g' 2 ) P° © (A' 1 + B' 1 ) — - > (A + P°), 

where coker(<5p, /~ 2 — g~ 2 ) is the quotient of the abelian sheaf P _1 (A~ 2 + B~ 2 ) by the 

<5 P 0\ x ( \ P \ . 

r 2 - <r 2 o J ' ^+ pb - v r 1 - g- 1 -5 A - 5 B ) ' Aa+pb " 

. Let % = (V, —>U) be a hypercover of an object ?7 of S. According 





f°-9° -Xa-Xb 

to the complex (|B,3|h a 2-descent datum representing an object of A + p B over U relative 
to is the collection ((a, 6), (p,k,l), (m,a,/3)), where (a, 6) G (j4 + P)(Vb), (p, k,l) G (P° © 
(.4- 1 + J B- 1 ))(Vi), and (m,a,/3) G (P~ x © {A' 2 + p- 2 ))(y 2 ) satisfy the relations 

f°(p)-X A (k) = d* (a)-dt(a), 

-g°(p)-X B (l) = d* (b)-d$(b), 

X P (m) = d*(p)-dl(p) + d*(p), 

f-\m)-5 A (a) = d*(k)-dl(k) + d* 2 (k), 

-g-\m) - 8 B (P) = d* (l)-dl(l) + d* 2 (l), 

so that there exists p G P~ 2 (V3) with the property 

do(m) - d\(m) + d* 2 {m) - d* 3 (m) = 5 P (p), 

d* (a)-dl(a) + d* 2 (a)-dl(a) = r\p), 

d* ((3)-dl((3) + d* 2 (P)-d* 3 (P) = -g~ 2 (p). 

From these relations we deduce that the collections 

(A^(fc),/- 1 (m),r 2 (p)) and (X B (l), -g-^m), -g- 2 (p)), 

are actually 2-descent data representing objects of A and B over Vq relative to % , respectively. 
Construction of K: K takes the 2-descent datum ((a, b), (p, k, /), (m, a, /?)) to the collection 

(hKX A (k)) + h° 2 (X B (l)),h^\r\m)) - / l2 - 1 (g- 1 (m)),/ ir 2 (r 2 (/>)) - h 2 2 (g- 2 (p))), 

where h\ and h l 2 are the components at the degree i of the morphisms of complexes that 
correspond to Hi and H 2 respectively. 

Construction of 71 and 72: Let (a,k,a) be a 2-descent datum representing an object 
of A over U relative to . Remark that inci(o, k, a) = ((— a, 0), (0, k, 0), (0, — a, 0)) and 
K o inci(a, k, a) = (hi(X A (k)), 0, 0) is 2-descent datum representing an object of C over Vq 
relative to . On the other hand, the image of (a,k,a) under the morphisms Hi is the 
2-descent datum (hi(a) , h^ 1 (k) , h^ 2 (a)) representing an object over U relative to % whose 
pullback to Vq is the collection (hi(X A (k)), h^ 1 (5 A (a)), 0). Then the component of 71 at 
(a,k,a) is the 1-arrow (0, h^ 2 (a)). Similarly, the component of 72 at (b,l,/3) is (0, h 2 2 (/3)). 

Construction of ©: Let (p,m,p) be a 2-descent datum representing an object of P over 
U relative to W. The component of the 2-arrow obtained by composing the 2-arrows 
72 * G and t on the top and the right faces of the diagram (|B.2[) at (p, m, p) is the 1- 
arrow (r°(Ap(m)), h 2 2 (g~ 2 (p)) + T~ 1 (5p(p))) where r° and r _1 are the components of the 
chain homotopy that corresponds to the morphism of additive 2-functors r in diagram (jB.ip . 
Similarly, the component of the 2-arrow obtained by composing the 2-arrows K * l and 
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71 * F on the left and the bottom faces of the diagram (jB.2[) at (p, m, p) is the 1-arrow 
— h^ 1 (g" 1 (m)) , h^ 2 (g~ 2 (p))) ■ Using the chain homotopy relations, we deduce 
that the component of B at (p,m,p) is the 1-arrow — T _1 (m). 

The verification of uniqueness is cumbersome but straightforward. □ 
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